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Anisotropy and effective dimensionality crossover of the fluctuation conductivity of
hybrid superconductor/ferromagnet structures
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We study the fluctuation conductivity of a superconducting film, which is placed to perpendic-
ular non-uniform magnetic field with the amplitude H0 induced by the ferromagnet with domain
structure. The conductivity tensor is shown to be essentially anisotropic. The magnitude of this
anisotropy is governed by the temperature and the typical width of magnetic domains d. For
d ≪ LH0 =
√
Φ0/H0 the difference between diagonal fluctuation conductivity components ∆σ‖
along the domain walls and ∆σ⊥ across them has the order of (d/LH0)
4. In the opposite case for
d≫ LH0 the fluctuation conductivity tensor reveals effective dimensionality crossover from standard
two-dimensional (T − Tc)
−1 behavior well above the critical temperature Tc to the one-dimensional
(T − Tc)
−3/2 one close to Tc for ∆σ‖ or to the (T − Tc)
−1/2 dependence for ∆σ⊥. In the interme-
diate case d ≈ LH0 for a fixed temperature shift from Tc the dependence ∆σ‖(H0) is shown to have
a minimum at H0 ∼ Φ0/d
2 while ∆σ⊥(H0) is a monotonically increasing function.
PACS numbers: 74.25.F-, 73.20.At, 74.20.De, 74.78.Na.
I. INTRODUCTION
The fluctuation transport in homogeneous supercon-
ductors above the critical temperature Tc has been stud-
ied for more than half a century (see, e.g., Ref. 1 for re-
view). The fluctuation correction ∆σ to the Drude con-
ductivity σN contains three main contributions, which
are singular near the critical temperature Tc: (i) the
positive Aslamasov-Larkin (AL) correction which corre-
sponds to the contribution of non-equilibrium Cooper
pairs with finite lifetime to the charge transport2,3,
(ii) the Maki-Thompson (MT) correction due to single-
particle quantum interference at impurities4–7 and (iii)
the negative correction due to the decrease in the nor-
mal electron density of states (DOS)8. In case of rather
strong electron phase-breaking processes the AL cor-
rection dominates in fluctuation conductivity since the
MT contribution saturates near the critical temperature9
while the DOS correction is less singular than the AL one.
In the temperature range Gi ≪ (T − Tc) /Tc ≪ 1 (Gi
is the Ginzburg-Levanyuk number9–12) the influence of
fluctuations on electron transport can be described in
the frames of the phenomenological Ginzburg-Landau ap-
proach. The spatially averaged AL correction ∆σαα to
the diagonal part of the conductivity tensor (along the
axis α) can be written in the form
∆σαα =
πe2~3
8mξ20V
∞∑
j,l=0
vˆαjlvˆ
α
lj
εjεl (εj + εl)
. (1)
Here V is the system volume, m is the electron mass, ξ0 is
the coherence length at zero temperature, indexes j and
l include the full set of quantum numbers characterizing
the state of non-equillibrium Cooper pair, the set εj =
ǫ~2/(4mξ20) + Ej is defined by the reduced temperature
ǫ = (T − Tc)/Tc as well as the set of eigenvalues Ej of
the Hamiltonian
Hˆ =
~
2
4m
(
−i∇− 2π
Φ0
A
)2
, (2)
the values vˆαjl are the matrix elements of the velocity
projection operator
vˆα =
~
2m
(
−i∇α − 2π
Φ0
A
α
)
, (3)
A(r) is the vector potential of the magnetic field and
Φ0 = π~c/e is the flux quantum.
The Aslamazov-Larkin correction is known to have a
power-law singularity near the critical temperature. One
of the main features is the dependence of the power ex-
ponent on the dimensionality D of the superconductor,
namely, ∆σ(T ) ∝ (T − Tc)D/2−2. Another peculiarity
is the sensitivity of ∆σ to weak magnetic field, which
destroys non-equilibrium Cooper pairs and changes the
critical temperature of superconductor. The presence of
magnetic field however does not affect the power expo-
nent of ∆σ(T ) in the very vicinity of the critical temper-
ature. Thus this exponent is a fundamental value, which
reflects the number of degrees of freedom for fluctuating
Cooper pairs.
Note also that for spatially homogeneous supercon-
ducting systems the energy spectrum of fluctuating
Cooper pairs is isotropic in the momentum space. This
results in isotropy of the Aslamazov-Larkin correction to
the conductivity.
At the same time there are a lot of systems where the
superconductivity nucleation is essentially anisotropic,
i.e. superconductivity appears not in the whole sample
but in spatially localized regions. In particular, in three-
dimensional finite superconductors placed into a uniform
magnetic field H , which is parallel to the samples’ edge,
the conditions for the superconducting nucleation near
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FIG. 1: (Color online) The planar hybrid structure consist-
ing of a superconducting film and a ferromagnet. The thick
ferromagnetic film (F) with domain distribution of magneti-
zation is positioned above a thin superconducting film (S).
The system is placed into an external uniform magnetic field
H, applied perpendicular to the surface of the S film.
the edge are more favorable compared with the bulk.
This results in the effect of surface superconductivity.13
A similar type of localized superconductivity appears
in superconductors with twinning planes, where even
without external magnetic field the local enhancement
of the critical temperature near twins takes place (see
Ref. 14 for review). As a result, in certain temperature
range the superconductivity exists in the form of two-
dimensional nuclei with the width of the order of the
coherence length.
In the past decade a similar phenomenon has been in-
tensively studied in planar hybrid systems which consist
of thin superconducting (S) film and a ferromagnet (F)
with domain distribution of magnetization (see Fig. 1).
Such systems attract growing attention in connection
with the possibility to govern transport properties of the
S subsystem by manipulating the domain structure of
ferromagnet (see, e.g., Ref. 15,16 for review). Nucleation
of superconducting state in these systems is strongly af-
fected by magnitude and spatial configuration of inhomo-
geneous magnetic field. It is interesting that for certain
parameters of the system the superconductivity can arise
in the form of separated one-dimensional nuclei which
are localized near the domain walls or inside the domain
regions17,18. The experimental evidence of this effect is
presented in Refs. 19–22.
It is interesting that the presence of localized super-
conducting states can substantially change the transport
properties of the superconductors even above Tc. In par-
ticular, Schmidt and Mikeska23 analyzed the fluctuation
conductivity of a finite-size superconductor placed into
a magnetic field, which is parallel to the samples’ edge.
They showed that in this system in the very vicinity of
the superconducting transition the temperature depen-
dence of the Aslamazov-Larkin correction becomes two-
dimensional, i.e. ∆σ ∝ (T − Tc)−1. This corresponds
to the formation of a narrow two-dimensional channel
with enhanced fluctuation conductivity, which is local-
ized near the surface. Later Thompson found that the
fluctuation conductivity is anisotropic in the plane of
the film due to anisotropy of the effective mass tensor
in the spectrum of fluctuating Cooper pairs.24 Also he
predicted a peculiar dependence of ∆σ on the magnetic
field near the tricritical point, where one of the effec-
tive mass components changes its sign. A similar sit-
uation is realized in the vicinity of the transition from
uniform to the spatially modulated Fulde-Ferrell-Larkin-
Ovchinnikov superconducting state.25,26. In this case the
effective mass in the energy spectrum of the fluctuat-
ing Cooper pairs becomes negative and a rich variety of
different fluctuation regimes with different critical expo-
nents of the fluctuation conductivity is expected. The
effect of the boundary conditions on the anisotropy of
∆σ for a superconductor in the magnetic field, which is
parallel to its surface, was analyzed by Imry27. Also the
unusual temperature behavior of ∆σ was predicted for a
finite superconducting film placed into a perpendicular
magnetic field.28 In this case near Tc the fluctuation con-
ductivity reveals a one-dimensional behavior due to edge
states, i.e. ∆σ ∝ (T − Tc)−3/2.
A similar anisotropy of fluctuations-dependent quan-
tities appears in the superconductors with twinning
planes.29 It was shown that if such superconductor is
placed into a magnetic field which is perpendicular to
the twinning planes then the magnetic susceptibility near
the critical temperature has a two-dimensional singular-
ity which is strongly than a three-dimensional one. At
the same time, for a longitudinal magnetic field the con-
tribution from the twinning planes to the magnetic sus-
ceptibility is negligibly small since the electron motion
is appressed to the twins and its experimental observa-
tion is very complicated since it is masked by the bulk
contribution.
In the present paper we study the fluctuation conduc-
tivity of planar hybrid S/F systems in a wide temper-
ature range above Tc. We show that in these systems
the behavior of the Aslamazov-Larkin correction to con-
ductivity is much more abundant compared to a uniform
isolated superconducting film. When the amplitude of
the stray magnetic field is zero (H0 = 0) the dependence
of the energy E on the momentum k in the plane of the
S film has the standard form (E = ~2k2/4m), and the
corresponding Aslamazov-Larkin correction to the con-
ductivity ∆σ is isotropic and has standard (T − Tc)−1
singularity at the superconducting transition tempera-
ture. In case of finite but small amplitude of the stray
field (H0d
2 ≪ Φ0, d is the width of magnetic domains in
the ferromagnet) the spectrum stays parabolic for low en-
ergies but the effective mass tensor becomes anisotropic,
which results in the anisotropy of ∆σ in the plane of su-
perconducting film: the fluctuation conductivity across
domain walls exceeds the one along domain walls. With
the increasing ofH0 the magnitude of ∆σ anisotropy also
increases and at H0d
2 ≈ Φ0 the energy spectrum changes
qualitatively: the effective mass corresponding to the mo-
mentum ky along the domain walls changes its sign and
two minima of the energy spectrum at non-zero ky ap-
pear. This results in peculiar non-monotonic dependen-
cies of ∆σ components onH0d
2 at fixed temperature shift
3from the transition temperature. Finally for H0d
2 ≫ Φ0
the effective mass corresponding to the momentum across
domain walls tends to infinity. The corresponding fluctu-
ation conductivity tensor becomes essentially anisotropic.
In particular, the dependence of the component ∆σyy
along domain walls on temperature reveals a crossover
from standard two-dimensional (T − Tc)−1 behavior to
the one-dimensional (T − Tc)−3/2 one, which corresponds
to the formation of quasi-one-dimensional channels with
enhanced fluctuations localized near domain walls. At
the same time, the transverse component has the depen-
dence ∆σxx ∝ (T − Tc)−1/2 near the critical tempera-
ture. Also we obtain the dependencies of the fluctuation
conductivity on the external magnetic field H and ana-
lyze possible fluctuation regimes.
II. FLUCTUATION CONDUCTIVITY OF
HYBRID S/F STRUCTURES
Let us consider a planar S/F system, which is shown
schematically in Fig. 1. A thin superconducting film of
the thickness ws ≪ ξ0 and the area S is separated from
the ferromagnetic layer with domain distribution of mag-
netization by an insulating spacer. The thickness of the
spacer is assumed to be large enough to neglect the ex-
change interaction of magnetic moments with electrons
in Cooper pairs but, at the same time, rather small so
that the magnetic field can penetrate into the supercon-
ducting layer without considerable decay. The vector of
magnetization M in the ferromagnetic film is assumed
to have the z−component, which is perpendicular to the
plane xy of the superconducting film. Let us consider
only the case when the ferromagnet contains magnetic
domains with Mz = ±M0, which are separated by the
equidistant set of parallel domain walls. We choose the
y axis directed along the domain walls so that Mz de-
pends only on the x coordinate. The width of domains
d is assumed to satisfy the condition ξ0 ≪ d≪
√
S. We
assume that the domain walls are well pinned and do not
take account of changes in the domain structure with an
increase in H .
In the superconducting film the spatial distribution of
the magnetic field Hz(x), induced by the ferromagnet,
strongly depends on the thickness wf of the ferromag-
netic layer as well as on the thickness wi of the insulating
spacer between superconducting and ferromagnetic lay-
ers. Further we assume that wf ≫ d and wi ≪ d. In this
case the profile of the stray magnetic field in the super-
conducting film can be approximated by a meander with
the amplitude H0 = 4πM0:
Hz(x) = H +H0sgn [cos (πx/d)] . (4)
We choose the corresponding vector potential in the form
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FIG. 2: (Color online) The spatial profile of the magnetic field
Hz(x) (red solid curve) and the corresponding vector potential
Ay(x) (blue dashed curve). The parameters are H0 = 0.5H
0
c2
and H = 0.1H0c2, where H
0
c2 = Φ0/2piξ
2
0 .
Ay(x) = Hx+ A˜y(x), where for any integer n
A˜y(x)
H0d
=


1
2
−
∣∣∣∣xd − 2n− 12
∣∣∣∣ for 2n < xd < 2n+ 1,
−1
2
+
∣∣∣∣xd − 2n+ 12
∣∣∣∣ for 2n− 1 < xd < 2n.
(5)
The spatial profiles of the magnetic field and the vector
potential are shown in Fig. 2.
The phase diagram of the hybrid system under con-
sideration is shown in Fig. 3. For a fixed H0 two differ-
ent regimes of bulk superconductivity are realized: for
T < TCSc (H) = Tc0
(
1− |H0 + |H || /H0c2
)
(green area
(a) in Fig. 3), where Tc0 is the critical temperature of
the isolated superconducting film, the whole sample is
superconducting while for TCSc (H) < T < T
bulk
c (H) =
Tc0
(
1− |H0 − |H || /H0c2
)
(blue area (b) in Fig. 3) the
superconductivity exists only in the regions where the
stray field and the external filed compensate each other.
An important point is that for |H | < H0 the super-
conductivity can exist above T bulkc (H) in the form of
quasi-one-dimensional nuclei localized near the domain
walls. This type of localized superconductivity is of-
ten called domain-wall superconductivity (red region (c)
in Fig. 3). The dependence of the critical temperature
TDWc of domain-wall superconductivity on H is shown
schematically by the red curve in Fig. 3.
To calculate the diagonal components of the fluctu-
ation conductivity tensor we use Eq. (1). We will be
interested only in spatially averaged correction 〈∆σαα〉,
which can be obtained by integrating the local correction
∆σαα(x) over the magnetic domain width:
〈∆σαα〉 = 1
2d
d∫
−d
∆σαα (x) dx. (6)
Exactly this value determines the drop in the resistance
of the sample in transport measurements.
The states of Cooper pairs in the superconducting film
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FIG. 3: (Color online) The phase diagram of a hybrid system
consisting of superconducting film and a ferromagnet with
domain distribution of magnetization. In the green region (A)
for T < TCSc (H) the superconductivity exists in the whole
film. In the blue region (B) for TCSc (H) < T < T
bulk
c (H)
the superconductivity exists only in the domains where the
external field and the stray field are contrary directed. In the
red region (C) for |H | < H0 and T
bulk
c (H) < T < T
DW
c (H)
the superconductivity exists in the form of narrow channels
which are localized near domain walls. The white area (D)
corresponds to the normal state of the film.
are defined by the Schro¨dinger equation
− ∂2xψ +
(
−i∂y − 2π
Φ0
Ay(x)
)2
ψ =
4m
~2
Eψ. (7)
At domain walls (at x = nd) one should demand the
continuity of the order parameter ψ and its derivative
∂xψ. An arbitrary wave function, which satisfies Eq. (7)
can be written in the form
ψ(x, y) = χn,ky (x)e
ikyy, (8)
where ky is the momentum along the y axis and n is a
band index. The function χn,ky (x) satisfies the equation[
−∂2x +
(
ky − 2π
Φ0
Ay(x)
)2]
χn,ky =
4m
~2
Eχn,ky . (9)
The form of the spectrum E and the corresponding be-
havior of the fluctuation conductivity strongly depend on
the values of H and H0. In the absence of the ferromag-
net (for H0 = 0) one obtains a standard two-dimensional
temperature dependence of ∆σ
∆σ =
e2
2~b
1
ǫ
F
( ǫ
2h
)
. (10)
Here h = H/H0c2, H
0
c2 = Φ0/2πξ
2
0 is the second critical
field at zero temperature, the function F (x) is defined as
follows
F (x) = x2
[
Ψ
(
1
2
+ x
)
−Ψ(x) − 1
2x
]
, (11)
and Ψ is the Digamma function. At the same time for
H0 6= 0 the situation changes dramatically. Further
we analyze three limiting cases corresponding to weak
(H0d
2 ≪ Φ0), strong (H0d2 ≫ Φ0) and intermediate
(H0d
2 ≈ Φ0) values of the stray magnetic field.
A. Weak magnetic field
In this section the calculations are base on the fol-
lowing assumptions: (i) the amplitude value H0 of the
stray magnetic field is rather small so that the mag-
netic length LH0 =
√
Φ0/ |H0| exceeds the width of
magnetic domains, i.e. LH0 ≫ d; (ii) the temperature
is close to the critical one so that ξH(T ) ≫ d, where
ξH(T ) = ξ0Tc0/
√
T − T bulkc (0).
We will start from the simplest case when the external
magnetic field H = 0. The magnetic field (4) in the
superconducting film can be expanded into the Fourier
series
Hz(x) =
∑
n6=0
Hne
inpix/d, (12)
where Hn = 0 for n = 2l (l is an integer number) and
Hn = 2H0(−1)|l|/π(2l+1) for n = 2l+1. For a small H0
one can calculate the spectrum E using the nearly free
electron approximation. Indeed if H0 = 0 the spectrum
has a standard parabolic form E = ~2
(
k2x + k
2
y
)
/4m.
The small periodic magnetic field results in small correc-
tions to this spectrum which can be treated within the
second order perturbation theory. The detailed discus-
sion of the nearly free electron approximation for small
periodic magnetic fields with an arbitrary configuration
can be found in Ref. 30. The resulting expression for the
spectrum in a meander-like magnetic field (4) has the
form
E(kx, ky) =
~
2k2x
4m
+
~
2k2y
4m∗y
+
2e2d2
π2mc2
∞∑
n=1
|Hn|2
n2
, (13)
where
m∗−1y = m
−1
(
1− 32d
4
π2Φ20
∞∑
n=1
|Hn|2
n4
)
(14)
is the y−component of the effective mass tensor. For the
specific meander-like form of the stray field the expression
(14) for the effective mass transforms into
m∗y ≈ m
(
1 +
2π2H20d
4
15Φ20
)
. (15)
The last term in the expression (13) leads to the shift
in the critical temperature of the superconducting film.
The resulting critical temperature Tc(H0) reads as
Tc(H0) = Tc0
(
1− π
2H20d
2ξ20
3Φ20
)
. (16)
To calculate the fluctuation correction to the con-
ductivity one should substitute the spectrum (13) into
Eq. (1). It is convenient to perform the corresponding
calculations for a general case of the spectrum, which has
the form E = Emin + ~
2k2x/4m
∗
x + ~
2k2y/4m
∗
y. Then the
α-projection of the Cooper pair velocity reads vα(kα) =
5−4 −2 0 2 4
0
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FIG. 4: The energy spectrum E(n, ky) of the fluctuating Cooper pairs in the hybrid structure consisting of a superconducting
film and a ferromagnet with domain distribution of magnetization, which is placed into an external uniform magnetic field H .
We take the amplitude of the stray magnetic field H0 = 0.1H
0
c2, the external field H = 0 (a) and H = 0.02H
0
c2 (b). The width
of domains is d = 50ξ0 and Es = ~
2/4mξ20 .
~
−1∂E/∂kα = ~kα/2m
∗
α. Performing the summation
over quantum indexes in Eq. (1) one obtains that the
most singular part of the fluctuation conductivity has
the form
〈∆σαα〉 =
√
m∗xm
∗
y
m∗α
e2
16~wsǫH
, (17)
where m∗x = m and m
∗
y is defined by the expression (15).
From the Eq. (17) one can see that in the presence of a
weak stray magnetic field the Aslamazov-Larkin correc-
tion to the conductivity becomes sligtly anisotropic due
to anisotropy of the energy spectrum (13) in the momen-
tum space. The magnitude of this anisotropy is governed
by the stray field value (see Eq. (15)):
〈∆σyy〉
〈∆σxx〉 =
m∗x
m∗y
≈ 1− 2π
2
15
(
d
LH0
)4
. (18)
Now let us turn to the case when the external magnetic
field H 6= 0. We will assume the magnetic field to be
rather small so that LH ≫ d (here LH =
√
Φ0/ |H |). As
previously we assume that LH0 ≫ d to use the nearly free
electron approximation. The analysis of the spectrum E
in case of non-zero external field H and isotropic effective
mass tensor was described in Ref. 30. The generalization
for the case of anisotropic effective mass tensor leads to
the spectrum
El =
e~ |H |
2c
√
m∗xm
∗
y
(2l + 1) +
2e2d2
π2mc2
∞∑
n=1
|Hn|2
n2
, (19)
where l indicates the number of Landau level. The matrix
elements of the velocity projection operator vˆα has the
form
|vˆαnl|2 =
e~ |H |
4cm∗α
√
m∗xm
∗
y
(nδn,l+1 + lδl,n+1) . (20)
The expression for the fluctuation conductivity 〈∆σαα〉
can be obtained from Eq. (10) by performing the fol-
lowing transformations: (i) the parameter ǫ should be
replaced by ǫH
√
m∗xm
∗
y/m and (ii) the whole expression
should be multiplied by the factor
(
m∗xm
∗
y/mm
∗
α
)
. The
resulting expression reads:
〈∆σαα〉 =
√
m∗xm
∗
y
m∗α
e2
2~ws
1
ǫH
F
(
ǫH
2|h˜|
)
, (21)
where
h˜ =
m√
m∗xm
∗
y
H
H0c2
(22)
and the function F (x) is defined by Eq. (11).
Note that for H 6= 0 the superconducting transition
occurs at temperature
THc = Tc(H0)− Tc0|h˜|. (23)
Then in the vicinity of THc (when ǫH + |h˜| ≪ |h˜|) the
expression (21) takes the form
〈∆σαα〉 =
√
m∗xm
∗
y
m∗α
e2
4~ws
1
ǫH + |h˜|
. (24)
Thus the effect of a weak spatially periodic magnetic
field results mainly in the shift of the critical temperature
as well as in the anisotropy of the fluctuation conductiv-
ity due to anisotropy of the effective mass tensor.
B. Strong magnetic field
In this section we analyze the opposite case when H0
is rather large so that LH0 ≪ d. In this case the behavior
of the fluctuation conductivity strongly depends on the
6ratio between H and H0. Here we consider all possible
regimes.
In the absence of external magnetic field, i.e. H = 0,
the order parameter wave functions χn,kx,ky (x) satisfy
the Bloch theorem. The corresponding energy spec-
trum slightly depends on the momentum across domain
walls kx and for kx = 0 it is shown in Fig. 4(a). For
|ky| ≪ d/L2H0 the center of the corresponding cyclotron
quasiclassical trajectory lays deep inside the magnetic
domain region, and the energy spectrum of the Cooper
pair has the form of Landau levels, which are degenerated
over ky:
En =
e~ |H0|
mc
(n+ 1/2) . (25)
At ky = k0 and ky = −k0 (where k0 = πd/L2H0 −√
0.59 |h0|/ξ0, h0 = H0/H0c2) the spectrum has two min-
ima. The corresponding eigenstates are localized near
the domain walls at x = (2n+ 1)d and x = 2nd respec-
tively. Finally for |ky| ≫ d/L2H0 the energy goes up with|ky| increasing.
The averaged fluctuation correction to the conductiv-
ity of the hybrid structure can be divided into two terms
〈∆σαα〉 = 〈∆σααbulk〉+ 〈∆σααDW 〉 , (26)
where the value
〈∆σααbulk〉 =
e2
2~wsǫ
F
(
ǫ
2|h0|
)
(27)
is the isotropic contribution from the regions under the
magnetic domains (see Eq. (10)) calculated in the lo-
cal approximation (i.e. under the assumption that the
the fluctuation conductivity at any certain point of the
sample is affected only by the local magnetic field). The
value 〈∆σααDW 〉 describes the difference between the exact
fluctuation correction 〈∆σαα〉 and the expression (27).
It corresponds to the contribution from narrow regions
with the width of the order of LH0 near the domain
walls. From Eq. (1) one can see that the singular part
of 〈∆σααDW 〉 comes only from the terms with j or l cor-
responding to the lowest energy band with n = 0. This
singular part can be written in the following form:
〈∆σααDW 〉 =
e2~3
8πmξ20wsd

 ∞∫
0
∞∑
n=1
(2− δn0) |vˆα0n|2
ε0εn (ε0 + εn)
dky
− 2π
2d
L2H0
2 |vˆα′01|2
ε′0ε
′
1 (ε
′
0 + ε
′
1)
]
,
(28)
where δ is the Kronecker delta. The last term in this ex-
pression corresponds to the dominating part in 〈∆σααbulk〉
(here we denote the values obtained in the local approx-
imation by primes). Note that the result of integration
over ky in the region |ky| ≪ d/L2H0 fully coincides with
the last term. Thus the value 〈∆σααDW 〉 is determined
only by the region |ky| & d/L2H0 . Further analysis of
the general expression (28) is rather difficult, so we will
consider only the most interesting limiting case.
Let us introduce ǫDW =
(
T − TDWc
)
/Tc0 = ǫ +
0.59 |h0| ≪ |h0|. In this case the singular part of
〈∆σyyDW 〉 is defined primary by small region near the ab-
solute minimum of the energy spectrum, where the value
εn(ky) ≪ |h0|. This means that it is enough to per-
form integration only over the region where ky ≈ ±k0
in Eq. (28). Then near the minimum of the lowest band
one can consider the power expansion of the dependence
E0(ky) instead of the exact spectrum. For ky > 0 this
expansion can be written in the form (see Ref. 23):
E0(ky) ≈ ~
2
4mξ20
[
0.59h0 + 0.58ξ
2
0 (ky − k0)2
]
. (29)
Further it is convenient to analyze different compo-
nents of the Aslamazov-Larkin conductivity tensor sepa-
rately. We start from the analysis of the 〈∆σyy〉 compo-
nent. First we calculate only the term in Eq. (28) with
n = 0. The corresponding diagonal matrix element of
the velocity operator vˆy00 is nonzero and for ky > 0
vˆy00(ky) =
1
~
∂E0
∂ky
=
0.58~
2m
(ky − k0) . (30)
Substituting the expressions (29) and (30) into Eq. (28)
we obtain the corresponding part of 〈∆σyyDW 〉 near TDWc :
〈∆σyyDW 〉 =
πe2ξ0
√
0.58
16~wsd ǫ
3/2
DW
. (31)
Note that terms with n 6= 0 do not make noticeable
contribution to 〈∆σyyDW 〉 and can be neglected since they
are less singular than the expression (27). To show this
let us assume that the matrix elements vˆyn0(ky) do not
depend on ky (strictly speaking it is not true but the
consideration of exact expressions for vˆyn0(ky) does not
change the main conclusion). Then from the Eq. (28) one
can see that the corresponding contribution to 〈∆σyyDW 〉
is proportional to ǫ
−1/2
DW and it is less singular than the
expression (31).
Thus the full averaged fluctuation correction to the
conductivity has the form
〈∆σyyDW 〉 =
e2
2~wsǫ
F
(
ǫ
2|h0|
)
+
πe2ξ0
√
0.58
16~wsd (ǫ+ 0.59 |h0|)3/2
.
(32)
One can see that far from the superconducting tran-
sition (when ǫDW ≫ |h0|) the contribution from the do-
main walls is negligibly small and the averaged correc-
tion to the conductivity coincides with the general ex-
pression (10) for the two-dimensional case. In the op-
posite limit ǫDW ≪ |h0| the situation changes. The
contribution from the domain regions to the Aslamazov-
Larkin correction is not singular at TDWc and has the
order 〈∆σyybulk〉 ∝ e2/(~ws |h0|) while the edge contri-
bution diverges as 〈∆σyyDW 〉 ∝ e2ξ0/(~wsd)ǫ−3/2DW . It
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FIG. 5: (Color online) The diagram of different temperature
regimes for fluctuation conductivity along the domain walls
in hybrid planar S/F systems in the plane of key parameters.
The horizontal axis corresponds to the line of superconducting
transition, i.e. to T = TDWc (H0). In a white region the
singularity of the fluctuation conductivity is two-dimensional
and ∆σ ∝ (T − Tc)
−1 while in dark region it becomes one-
dimensional due to the local enhancement of fluctuations near
the domain walls and ∆σ ∝ (T − Tc)
−3/2.
is important that near the critical temperature when
ǫDW ≪ [(ξ0/d) |h0|]2/3 ∝ ξ20
(
dL2H
)−2/3
the correction
〈∆σyyDW 〉 becomes dominating. Moreover in this temper-
ature region the total averaged correction to the conduc-
tivity has the one-dimensional singularity.
The regimes with different behavior of 〈∆σyy〉 are
shown schematically in Fig. 5. If d ≪ LH0 the
stray magnetic field is weak and the temperature be-
havior of 〈∆σyy〉 is two-dimensional, i.e. 〈∆σyy〉 ∝[
T − T bulkc (H0)
]−1
. In the opposite case when d ≫
LH0 there is temperature region near the critical tem-
perature of domain-wall superconductivity, where the
fluctuations become one-dimensional and 〈∆σyy〉 ∝[
T − TDWc (H0)
]−3/2
(the dark region in Fig. 5).
To analyze the 〈∆σxx〉 component of the fluctuation
conductivity tensor one should notice that the diago-
nal matrix element vˆx00 is exponentially small and can
be neglected. The exact calculation of non-diagonal el-
ements is rather cumbersome while for analysis of the
dependence of 〈∆σxx〉 on temperature it is enough to
make a simple estimate. For localized states of fluctuat-
ing Cooper pairs |vˆx0n| ∝ ~/mLH0 while for delocalized
states with high energies these matrix elements are ex-
ponentially small. Thus, taking into account the series
connection of the regions under the magnetic domains
and the regions of domain walls, one can obtain that
〈∆σxxDW 〉 ∝
e2L2H0
~wsξ0d
1
ǫ
1/2
DW
. (33)
One can see that for ǫDW ≪ (ξ0/d)2 the contribution
from the domain wall regions becomes dominant in the
averaged fluctuation conductivity 〈∆σxxDW 〉.
From the above analysis one can see that the
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FIG. 6: The dependence of the coefficient β, which describes
the effective mass of fluctuating Cooper pairs (see Eq. (35)),
on the external magnetic field H for different H0 values.
Aslamazov-Larkin conductivity tensor is anisotropic.
The striking feature is that the magnitude of this
anisotropy strongly depends on temperature. To show
this let us compare the expressions (27), (31) and (33).
For ǫDW ≫ ξ20
(
dL2H0
)−2/3
the fluctuation conductiv-
ity tensor is isotropic and its components are deter-
mined by the stray magnetic field in the regions under
the domains (see Eq. (27)). In the temperature range
ξ20/d
2 ≪ ǫDW ≪ ξ20
(
dL2H0
)−2/3
the fluctuation conduc-
tivity tensor becomes anisotropic and 〈∆σyy〉 / 〈∆σxx〉 ∝(
ξ30/L
2
H0
d
)
ǫ
−3/2
DW . Finally for ǫDW ≪ ξ20/d2 the
anisotropy is determined by the ratio between the con-
tributions from the domain wall regions and does not
depend on d: 〈∆σyy〉 / 〈∆σxx〉 ∝ (ξ0/LH0)2 ǫ−1DW . The
experimental observation of these temperature crossovers
could be a direct illustration of the domain boundary ef-
fect on the fluctuation conductivity of hybrid S/F struc-
tures.
Now let us turn to the case of intermediate external
magnetic field values, i.e. 0 < |H | ≪ |H0|. In this case
the splitting of the Landau levels occurs due to the dif-
ference in the total magnetic field in the neighboring do-
mains (see Fig. 4b). Also the absolute minima of the
energy spectrum in this case shift towards the points
ky = ±kH0 , where kH0 > k0. Then in the region |ky | . kH0
the spectrum contains two sets of Landau levels corre-
sponding to the fields H0 +H and H0 −H .
The contribution 〈∆σααbulk〉 calculated in the local ap-
proximation contains two terms which come from the do-
mains with antiparallel direction of magnetization:
〈∆σααbulk〉 =
e2
4~wsǫ
[
F
(
ǫ
2|h+ h0|
)
+ F
(
ǫ
2|h− h0|
)]
.
(34)
In the vicinity of the critical temperature TDWc (H) of
the superconducting transition the contribution 〈∆σααDW 〉
is governed by the ky values which are close to ±kH0 . In
this case the lowest band of the spectrum can be approx-
8imated by the quadratic function of the form
E0(ky) = Emin +
β~2
4m
(
ky − kH0
)2
. (35)
The values Emin and β depend on both H0 and H (they
should be obtained from the exact spectrum). The de-
tailed analysis of the dependence Emin(H,H0) is pre-
sented in Ref. 31. Here we will focus on the dependencies
β(H). Performing numerical calculations we have ob-
tained typical dependencies β(H) for different H0, which
are shown in Fig. 6. One can see that at H = 0 the co-
efficient β does not depend on H0 and is approximately
equal to β ≈ 0.58, while the nonzero magnetic field H
strongly suppresses the value of β. It should be men-
tioned that our analysis is valid for H < H0 only. Then
for the diagonal components of the fluctuation conduc-
tivity tensor we obtain
〈∆σyyDW 〉 =
πe2ξ0
√
β
16~wsd ǫ
3/2
DW
(36)
and
〈∆σxxDW 〉 ∝
e2L2H0
~wsξ0d
√
β
1
ǫ
1/2
DW
. (37)
The expressions (36) and (37) are valid for ǫDW ≪
|h0 − h| −
(
4mξ20/~
2
)
Emin(H0, H). Note that de-
pendence of the effective mass of fluctuating Cooper
pairs on H leads to an additional field-dependent
anisotropy of the Aslamazov-Larkin conductivity tensor
since 〈∆σyyDW 〉 / 〈∆σxxDW 〉 ∝ β(H).
Finally for |H | > |H0| the total magnetic field does
not change its sign at domain walls and the regime of
localized superconductivity can not be realized. At the
critical temperature T bulkc (H) the domains, in which the
stray magnetic field and external field have opposite di-
rections, switch to the superconducting state while other
domains stay in normal state. Then the total fluctuation
correction to the conductivity of the sample is described
by the expression (34).
C. Intermediate magnetic field
In this section we consider the case of intermediate
amplitude values of the stray magnetic field, i.e. H0 ≈
Φ0/d
2 (d ≈ LH0). At H0 = Hcr = 1.02Φ0/d2 the energy
spectrum of the fluctuating Cooper pairs changes quali-
tatively: one spectrum minimum at ky = 0 for H0 < Hcr
splits into two minima at finite ky for H0 > Hcr. This
splitting results in the break of the transition line at the
phase diagram, which is shown in Fig. 7. Note that in
the absence of external magnetic field the black solid line
in Fig. 7 coincides with the temperature dependence of
the upper critical field for a superconducting film in the
longitudinal magnetic field.32
0 TTc0
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FIG. 7: (Color online) The phase diagram of a hybrid S/F
system in the absence of the external magnetic field. Red solid
curve shows the dependence of the critical temperature on the
amplitude of the stray magnetic field. At the magnetic field
Hcr the component of the effective mass along the domain
walls changes its sign. Blue solid curve with arrows shows the
example of contour with the fixed temperature shift from the
transition temperature.
For H0 ≈ Hcr the energy spectrum of the fluctuating
Cooper pairs can be written in the form
E = E0 +
~
2k2x
4m∗x
+
~
2k2y
4m∗y
+ ηk4y, (38)
where the minimum E0(H0) of the energy spectrum de-
termines the critical temperature of the system. The
inverted effective mass component m∗−1y is small and
changes its sign with the variation of H0:
m∗−1y = m
∗−1
y0
(
1− H0
Hcr
)
, (39)
where m∗−1y0 does not depend on H0. The effective mass
component m∗x has the order of the free electron mass
m since for H & Hcr the decaying length of the wave
function localized near the domain wall is of the order
of LH0 ≈ d and the overlapping of the wave functions at
neighboring domain walls is essential.
Substituting the spectrum (38) into Eq. (1) one obtains
(the details of calculation can be found in Appendix)
〈∆σxx〉 = e
2
√
ξ0m
1/4
32
√
2m∗x~wsη
1/4ǫ
5/4
t
Gx (µ) , (40)
〈∆σyy〉 = e
2
√
2m∗xη
1/4
16~ws
√
ξ0m1/4ǫ
3/4
t
Gy (µ) (41)
where ǫt = ǫ+4mE0/~
2, the functions Gx (µ) and Gy (µ)
are defined as
9Gx (µ) =


1
1− µ
[
K
(
1− µ
2
)
− 2µ
(1 + µ)
E
(
1− µ
2
)]
for − 1 < µ < 1,
1
(µ2 − 1)√s
[
µE
(
2s
√
µ2 − 1
)
− sK
(
2s
√
µ2 − 1
)]
for µ > 1,
(42)
Gy (µ) =


1
1− µ
[
2
(
3− µ2)
1 + µ
E
(
1− µ
2
)
− (3− µ)K
(
1− µ
2
)]
for − 1 < µ < 1,
1
(µ2 − 1)√s
[
2µsK
(
2s
√
µ2 − 1
)
− (3− µ2)E (2s√µ2 − 1)] for µ > 1. (43)
In the expressions (40)-(43) we denote µ =√
mξ0/
(
4m∗y
√
ηǫt
)
, s = µ −
√
µ2 − 1, E (ν) and
K (ν) are complete elliptic integrals of the first and the
second kind respectively (|ν| < 1):
E (ν) =
pi/2∫
0
√
1− ν sin2 ϕdϕ,K (ν) =
pi/2∫
0
dϕ√
1− ν sin2 ϕ
.
(44)
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FIG. 8: (Color online) The functions Gx (µ) and Gy (µ) de-
fined by Eq. (42)-(43).
The functions Gx(µ) and Gy(µ) are shown in Fig. 8.
Fixing ǫt (see blue solid curve in Fig. 7, the arrows cor-
respond to the increasing of µ) in order to exclude the
trivial dependence of the fluctuation conductivity on H0
due to the shift of the critical temperature one can see
that the above functions correspond to the resulting de-
pendencies 〈∆σαα〉 (H0). These dependencies differ qual-
itatively: 〈∆σyy〉 (H0) reveals a minimum at H0 ∼ Hcr
due to strong damping of the velocity projection nearHcr
while 〈∆σxx〉 (H0) is a monotonically increasing function.
Note that the expressions (40) and (41) are valid only
in the vicinity of the critical field, i.e. forH0 ≈ Hcr. IfH0
strongly differs from Hcr then for a fixed shift from the
critical temperature the fluctuation conductivity satu-
rates as a function ofH0 due to the saturation of the effec-
tive mass componentm∗−1y . Indeed, forH0 ≪ Hcr the ef-
fective mass is given by the expression m∗−1y ≈ m−1 (see
Section IIA) and for ǫH = const the fluctuation conduc-
tivity is constant. In the opposite case for H0 ∼ H0c2 the
minimum of the energy spectrum shifts towards ky = ±k0
and the effective mass is equal to m∗−1y ≈ 0.58m−1 (see
Section II B). As a result, for a fixed ǫDW the Aslamazov-
Larkin correction to the conductivity does not depend on
H0 far from Hcr.
III. CONCLUSION
In conclusion, we have shown that the fluctuation
Aslamazov-Larkin conductivity tensor ∆σ of a hy-
brid structure consisting of a superconducting film and
a ferromagnet with magnetic domains is essentially
anisotropic. The magnitude of this anisotropy strongly
depends on temperature as well as on the ratio be-
tween the width of domains d and the magnetic length
LH0 =
√
Φ0/H0, where H0 is the amplitude value of
stray magnetic field.
For LH0 ≫ d the temperature dependence of ∆σ has
a standard two-dimensional form ∆σ ∝ (T − Tc)−1. At
the same time, the conductivity tensor becomes slightly
anisotropic: the ratio between the conductivity compo-
nents along the domain walls and across them has the
form
σyy
σxx
= 1− 2π
2
15
(
d
LH0
)4
∆σ
σN
, (45)
where σN is the Drude conductivity due to the normal
electrons and ∆σ is the Aslamazov-Larkin correction to
the conductivity of the isolated superconducting film.
For LH0 ≪ d the temperature dependencies of ∆σ
components along and across the domain walls are essen-
tially different. For ǫDW ≫ ξ20
(
dL2H0
)−2/3
the fluctua-
tion conductivity tensor is isotropic. In the temperature
range ξ20/d
2 ≪ ǫDW ≪ ξ20
(
dL2H0
)−2/3
the component
of the fluctuation conductivity across the domain walls
is not singular at the critical temperature of domain-
wall superconductivity while the component along do-
main walls reveals a crossover to a one-dimensional ǫ
−3/2
DW
behavior. As a result, in this temperature range ∆σ be-
comes anisotropic and the ratio between the components
along and across the domain walls is given by the rela-
tion
(
ξ30/L
2
H0
d
)
ǫ
−3/2
DW . Finally, for ǫDW ≪ ξ20/d2 the ∆σ
component across the domain walls reveals a crossover to
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the divergence ∆σ ∝ ǫ−1/2DW . The resulting ratio between
the components along and across domain walls does not
depend on d and is proportional to (ξ0/LH0)
2
ǫ−1DW .
In the intermediate case when LH0 ≈ d the fluctuation
conductivity has a peculiar dependence on the stray mag-
netic filed amplitude H0: for fixed temperature shift from
the transition temperature the dependence of the com-
ponent of the conductivity tensor along the domain walls
has a minimum at H0 ∼ Φ0/d2 while the transverse con-
ductivity component is a monotonically increasing func-
tion of H0.
We hope that the observation of above non-trivial fluc-
tuation conductivity behavior in precise transport mea-
surements above the critical temperature will provide
more detailed information about peculiarities of the su-
perconducting transition in superconductor/ferromagnet
systems.
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APPENDIX
To calculate the fluctuation conductivity in case H0 ≈
Φ0/d
2 let us substitute the spectrum (38) into Eq. (1).
The diagonal matrix elements of the velocity operator
have the form
vx = 2αkx, v
y = 2βky + 4γk
3
y, (46)
where α = (m/m∗x) ξ
2
0 , β =
(
m/m∗y
)
ξ20 , γ = 4mξ
2
0η.
Then the expression for 〈∆σxx〉 takes the form
〈∆σxx〉 = e
2
4π~ws
∞∫
0
dky
∞∫
0
dkx
4α2k2x(
ǫt + αk2x + βk
2
y + γk
4
y
)3 ,
(47)
Integrating this expression over kx we obtain:
〈∆σxx〉 = e
2
√
α
16~ws
∞∫
0
dky(
ǫt + βk2y + γk
4
y
)3/2 = −e2
√
α
8~ws
∂I0
∂ǫt
,
(48)
where
I0 =
∞∫
0
dky√
ǫt + βk2y + γk
4
y
. (49)
It is convinient to introduce the parameter µ = β/2
√
γǫt,
which for T > Tc takes the values from the interval −1 <
µ < ∞. Then there are two different cases. The first
one is −1 < µ < 1. In this case the integral I0 can be
rewritten in the form
I0 =
1√
γ
∞∫
0
dky√(
k2y + ρ
2
) (
k2y + ρ
∗2
) . (50)
Here ρ2 =
√
ǫt/γ
(
µ+ i
√
1− µ2
)
and the asterisk indi-
cates complex conjugation. Then the result is33
I0 =
1√
γ |ρ|K
(
Im2 (ρ)
|ρ|2
)
, (51)
whereK (ν) is the complete elliptic integral of the second
kind.
In case µ > 1 the integral can be represented in the
form
I0 =
1√
γ
∞∫
0
dky√(
k2y + a
2
) (
k2y + b
2
) , (52)
where a2 =
√
ǫt/γ
(
µ+
√
µ2 − 1
)
, b2 =√
ǫt/γ
(
µ−
√
µ2 − 1
)
. Then the result is33
I0 =
1√
γa
K
(√
a2 − b2
a
)
. (53)
After substitution of the expressions (51) and (53) into
Eq. (48) and taking derivative over ǫt we obtain the ex-
pression (40).
Analogously the component 〈∆σyy〉 of the fluctuation
conductivity tensor can be written as
〈∆σyy〉 = e
2
4π~ws
∞∫
0
dky
∞∫
0
dkx
(
2βky + 4γk
3
y
)2
(
ǫt + αk2x + βk
2
y + γk
4
y
)3
(54)
Integrating this expression over kx we obtain
〈∆σyy〉 = e
2
16
√
α~ws
∞∫
0
(
β + 6γk2y
)
dky(
ǫt + βk2y + γk
4
y
)3/2 =
= − e
2β
8~
√
αws
∂I0
∂ǫt
− 3e
2γ
4~
√
αws
∂I0
∂β
,
(55)
where I0 is defined by Eq. (49). Then using the expres-
sions (51) and (53) one can obtain the result (41).
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